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Abstract 

We present a study of the worldsheets that describe the classical limit of various string scattering pro- 
cesses. Our main focus is on string scattering in AdS spacetime because of its relation via the AdS / CFT 
correspondence to gluon scattering in A/" = 4 supersymmetric Yang-Mills theory. But we also consider 
analogous processes in flat Minkowski spacetime which we compare to the AdS case. In addition to 
scattering of string by string we also find and study worldsheets describing the scattering of a string by 
external sources. 
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1 Introduction 



The exact tree amplitudes for the scattering of strings in flat spacetime can be obtained in many ways. 

For example, the path integral for the sum over worldshects can be completely evaluated by choosing a 
parametrization that linearizes the worldsheet equations. Because of this, one doesn't really need a visual- 
ization of the "classical" worldsheet that would represent a saddle-point approximation to the path integral. 
But for string scattering on non-trivial backgrounds, for which an exact evaluation is not possible, the saddle- 
point approximation is frequently the only available approach to calculations. Then it becomes important 
to understand the physical meaning of various classical worldsheet solutions. 

Because of the AdS / CFT correspondence [1] , the scattering of field quanta of a conformal quantum field 
theory is dual to string scattering on an Anti-deSitter spacetime, and the strong 't Hooft coupling limit 
on the field side is dual to the classical limit on the string side. For example, Alday and Maldacena (AM) 
[2,3] have employed this duality to calculate the scattering of gluons and their superpartners in A/" = 4 
supersymmetric Yang-Mills theory in the limit of strong coupling. This limit is described by the classical 
dynamics of string moving in an Anti-deSitter (AdS) spacetime. To describe the scattering one needs to find 
the classical worldsheet in Poincare coordinates a:;^(^),z(^), with its boundary at z = oo."^ Actually, it is 
easier to work with T-dual coordinates [4, 5] y'^{£,) and to use r = R-^/z instead of z. These coordinates turn 
out to be the Poincare coordinates of another AdS manifold. In terms of them, the boundary of the desired 
worldsheet is at r = 0, and, for the scattering of n ground state strings, the boundary conditions are simply 
that the worldsheet end at r = on a closed polygon of n lightlike line segments, given by the momenta of 
the n external particles [2]. 

One can also use T-dual coordinates to describe string scattering in flat spacetime. This is usually not 
done, but we think it a useful and interesting exercise to examine the T-dual description of worldsheets in this 
case as well. In flat spacetime, choosing conformally flat worldsheet coordinates linearizes the equations of 
motion, and the worldsheet solution can be expressed in terms of Green functions, with appropriate boundary 
conditions, for the 2D Laplacian. Studying the solutions in flat spacetime helps clarify the physical nature 
of the boundary conditions used by AM in the worldsheet solutions on AdS applied to gluon scattering at 
strong coupling. For example, the scattering amplitudes can be explicitly related to finite time transition 
amplitudes in the lightcone gauge, and therefore can be obtained from a reduction formalism. In particular, 
it is interesting to compare the fiat and AdS worldsheets as a way to illuminate the very different physics in 
the two cases: in the flat case the string tension To is a constant implying that the energy of a stretched string 
is proportional to its length, whereas in the AdS case the effective tension depends on z, Tca(z), dropping 
to at z = oo (or r = 0). The vanishing tension in the second case implies a continuous mass spectrum 
of string excitations which complicates the application of the reduction formalism (as with all theories with 
massless particles). 

Thus in this article we set out to study the worldsheets appropriate to various scattering processes in 
both flat and AdS spacetime. In AdS, exact solutions for string motion are hard to come by. We look at 
the solutions used by AM for scattering of gluons by gluons, which were constructed from earlier ones found 
by Kruczenski [6] , as well as a more general solution involving a gluon scattering off some kind of external 
source. This latter process, however, does not look like a gluon scattering from a heavy quark represented 
on AdS by a string stretching from a point at z = out to z = oo, a process we had hoped to understand. 
Instead, for this solution the end of the string interacting with the source is at z = oo (r = 0) . 

In all cases we display the solutions in the T-dual coordinates j/^((7, t) and, in the case of AdS, r. These 
coordinates are particularly nice because the interesting worldsheets are of finite extent in them, and they 
can be displayed graphically in a striking way. In the case of on-sliell gluon scattering, the Minkowski part 
of the worldsheet in AdS is at first glance qualitatively very similar to the flat space worldsheet. The very 
different physics can only be understood after considering the quantitative differences due to the dynamics 
of the AdS radius r. We also find worldsheets for a gluon scattering from a 0-brane or a 1-brane in fiat 
spacetime. These can be compared to the more general solution in AdS mentioned at the end of the previous 
paragraph, and we study them to gain insight into the physics of the latter solution. 

^Here ^ = (5",^^) are the 2D worldsheet coordinates of the string. 
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The rest of the paper is organized as follows. The next two sections provide bac;kground for the subsequent 
studies. In section 2 we discuss the T-duality transformation from the point of view of the phase-space action 
principle. Section 3 gives a brief discussion of the properties of the "single gluon" defined by AM using a 
3-brane at fixed finite zm. We begin those studies in section 4 which discusses the worldsheets appropriate 
to n string scattering in flat space. All our solutions in AdSs are constructed from exact solutions on an AdSs 
submanifold that are found and described in section 5. Then section 6 discusses in this general framework the 
AdSs solution for 4 gluon scattering used by AM. Section 7 discusses a new solution in AdSs that describes 
a single gluon scattering from an external source. Section 8 employs lightcone gauge to compare the physics 
of the AdS 4-string solutions to that of the flat space solutions. Finally, to gain further insight into such 
external source scattering processes we study the worldsheets for scattering of a string off 0-brane and 1- 
brane sources in flat space in section 9. We include one appendix on useful facts about various covariant 
and lightcone worldsheet parametrizations, and a second on the relation between conformal transformations 
in 4 dimensional spacetime and isometry transformations of AdSs. 



2 T-duality and the Phase Space Worldsheet Action 



We choose coordinates for AdS spacetime so that the line element is ds^ = B?(dXij,dx^ + dz'^)/z^. Then the 



worldsheet action for a string moving on AdSs is in Nambu-Goto form 

Sng = -To J d''^^^/{x ■ x' + zz'f - (x" + i2)(ar'2 + ^'2). 
With the introduction of a dynamical worldsheet metric Qoi^ we get an equivalent form 
S^s = J d^^C = -^ J d'^^^g'^f'^id^x-dffx + do^zdisz). 



(1) 



(2) 



For A/" = 4 super Yang-Mills, the AdS/CFT correspondence gives TqR^ = y^g'^Nc/in'^ = \/A. The momenta 
conjugate to are (P^,n) = —R^TQ^g^^dfj{x^ , z)/ z"^ . Then the canonical hamiltonian density is 



H = x-V + in-C 

,2 



r,01 



^00 ■ 



(3) 

(4) 



If, instead, the canonical momentum is obtained from the Nambu-Goto action (1), H and the coefficients 
of K, /i are identically zero. This represents phase space constraints for which k, fi are then introduced as 
Lagrange multipliers. In either case, the phase space Lagrange density is [7, 8] 



C = i.v + zU-^l^^^{P'+U') + ^{x'^+z'')yf,{x'.V + z'Il) 

"'2^ -Hx'-V 



X ■ V 



— KZ 



(5) 

(6) 



where in the second line we have eliminated 11 using its purely algebraic equation of motion. To discuss 
duality we simply replace V = q' = Toy': 



(7) 



*in this section we use ■ and ' to represent -^fj and ^1^, respectively. 
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and wo immediately sec a symmetry up to surface terms undcir x ^ q/Tq = y, z ^ R'^/z. This is T- 
duality. In the form written in (7), £ gives a good action principle for the variable x. Note that the absence 
of ^ in £ implies a gauge symmetry under y — > y + /(^°)- Varying y with open string topology implies 
y' = R'^{x — iix')/{kz'^). Then varying x gives 





kR"^ , 


I 


'kR^ , 


y' = 


X +tiy 




^2 X +ny 



0. 



ends 



Thus this version of the action principle impHes the duaUty transformation in the form 

, r' 



y = — 2 

KZ-' 



„ d2 d2 d2 

{X - t,x'), y = '^x' + Mt/' + m') = ^x' + - t^x') + /(^°) 



Z" KZ" 

with undetermined /(^°), which can, if desired, be removed by a gauge transformation, giving 



(8) 



(9) 



R 



kR^ 



y' = — :^{x-iJ,x'), y-ny' = —^x'. 



KZ'- 



(10) 



Also notice that the free-end boundary conditions on x imply jfends = /(C") which implies that dt^yjd^ = 0, 
where Ay is the difference in the values of y at the two ends. In a gauge where /(^'^) = y satisfies Dirichlet 
conditions j/ends = at the ends. 

Next consider Dirichlet conditions on a;, iends = 0. Then 



y ends 



KZ^ 



:{y-f^y'-f{e)) 



(11) 



which, in a gauge where /(^°) = 0, are precisely analogous to the free end condition on x. This condition 
would follow as a free end condition on y from the action obtained from (7) by substituting x • y' ^ y ■ x' . 
Indeed, this substitution must be made to get a good action principle for the variable y. We find 

d d d d 

x-y'-y-x'= -^{x ■ y') - —{x ■ y) = -^{v ■ x') + -^{y ■ x) (12) 

so the substitution is achieved by adding a surface term to the action. Doing this and reversing the logic, 
we conclude that the Nambu-Goto form of the action for the T-dual variables y is 



Sng = -To J d^^^^/{FV 



+ fr'Y- - (y^ + r2)(y'2 + r'^). 



(13) 



Either action principle has identical consequences for the dual pair x, y modulo the gauge invariance appro- 
priate to the action chosen. 

For closed-string topology, these duality results will follow if we only require y' to be periodic, allowing 
y to shift by a function of ^ upon traversing a period: that is y is required to be periodic up to a gauge 
transformation. 

Finally we determine the worldsheet metric in terms of the x, z or the y = q/To, r = R^ / z by varying the 
action with respect to k, /x, and using the duality relations (with /(^'^) = 0): 



X- x' + z ■ z' 



y-y' + r-r' 



X'^ + Z'2 

{x-x' + zz'f - (x2 + i2)(2./2 ^ ^/2) (y . y' + fr'f - {f + P){y'^ + r'^) 



(X'2 + Z'2)2 



(y'2 _^ ^/2)2 



(14) 

(15) 
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3 Defining the strongly coupled "gluon" 



Alday and Maldacena were principally interested in using the AdS/CFT correspondence to study the scat- 
tering of gluons in A/" = 4 supersymmetric Yang-Mills theory. For purposes of comparing to work of Bern, 
Dixon, and Smirnov (BDS) [9] they needed to define on-shell amplitudes with a definite number of gluons 
at strong coupling. Strictly speaking all these amplitudes are zero due to infrared divergences: the non- 
vanishing physical observables are jets with an indefinite number of gluons. Thus an IR cutoff that enables 
the definition of single gluon states is needed. One practical infrared cutoff is to use dimensional regulariza- 
tion, continuing to D = 4 -|- e. This is used by BDS in their perturbative calculations, which establish the 
definition of single gluons using the dressed gluon propagator. 

However the notion of a dressed single-gluon propagator is obscure in the string description. Instead AM 
define single gluons as open AdS strings with ends moving on a D3 brane at fixed z = zir < oo. They then 
take zju oo after continuing to D = 4 + e dimensions. In the string description the IR divergences are 
due to the huge degeneracy of single open-string mass eigenstates when the effective rest tension vanishes 
as Zir — > oo.^ This is the string dual to the huge degeneracy in the field description due to the presence 
of many massless gluons. Fixing the ends of the open string representing a gluon to z = zjr breaks this 
degeneracy by introducing an energy cost to stretching an open string with ends fixed to the brane. It is not 
a confining energy cost (it stays finite at infinite separation of the string ends), but a finite classical energy 
cost is enough to discretize the semi-classical energy near zero, producing a gap which enables the lowest 
mass eigenstate, which is the A/" = 4 supermultiplet containing the gluon, to be filtered out by the reduction 
formalism. 

At strong coupling the string dynamics is classical, and it is significant that the unstrctched classical 
open string (i.e. a;' = for all ^^), corresponding to the ground state of the string and identified with the 
gluon, solves the full set of classical AdS string equations at constant z: z = z' = 0. Such a solution requires 
i ■ X = 0, i.e. the unstrctched open string moves freely on the brane at the speed of light — it is a massless 
point particle. In T-dual variables this condition reads y' ■ y' = 0. In other words the reduction formalism 
applied at finite Zjr (which supplies a mass gap) will require the classical worldsheet in T-dual space for 
gluon scattering amplitudes to end at z = zjr on light-like line segments corresponding to the momenta of 
the on-shell gluons. This is precisely the prescription employed by Alday and Maldacena. 

If ziR is finite the open string modeling the single gluon has internal structure that can be analyzed 
semi-classically. Indeed, the model is mathematically equivalent to the models of QQ mesons studied in the 
context of AdS/CFT inspired models of QCD. For example, in [13] the rotational motion of such an open 
string, with ends fixed to a 3-brane at fixed z is solved numerically. An interesting outcome of that work is 
the leading Regge trajectory JiE"^), described by a straight open string rotating rigidly about its midpoint. 
The asymptotic behavior of the trajectory at small E and near ionization threshold, which we translate to the 
gluon parameters, was obtained analytically. For _E ~ 0, it behaves linearly with E^: JiE"^) ^ a'E'^zjj^/R'^. 
That is, the AdS open string for finite zjr behaves like a massless relativistic string at low energy [7]. The 
effective tension of this slightly stretched string is Tcff = TqR^ / zjj^ and drops to zero when the IR cutoff 
is removed, zjr oo, causing the mass spectrum to become continuous from zero. At higher energy the 
energy spectrum shows a threshold Ej = R"^ /{wa' zir) at which there is an accumulation of energy levels. 
J becomes infinite as E ^ Ej from below, in a manner similar to the Bohr levels in hydrogen just below 
ionization threshold. Specifically, E{J) ~ Ei{l - aV(8^^)), where a = 4Tr'^R'^/{a'T{l/4)^). This behavior 
at large J agrees with the nonrelativistic model of two particles with equal mass, given by the energy of 
a static string stretching from z — zjr to z — oo, interacting with a Coulomb potential —a/r. Here a is 
precisely equal to the value predicted by the AdS/CFT correspondence for the QQ static force in AA = 4 
Yang- Mills theory in the strong 't Hooft coupling limit [10]. 

^At finite zm a string with ends fixed at finite zm has an energy gap at AT = oo (see [10-12]). 
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4 Covariant four open string scattering in flat space 



We begin our study of classical worldsheets with a translation of known results for scattering of strings in 
flat Minkowski space to the T-dual description: 

dx dy ' dy dx ^ 

where we parameterize the worldsheet using the upper half complex plane z = x + iy. Then for n-string 
scattering we have 



ri-l 

x" [ ] 

r=l 

n-1 



= _,^ (yr y^-'^" log\z-Ur\, (17) 



y^{z) = V^ftan-^^^:±l^-tan-^ 



(18) 



Here the momenta carried by the strings are Pr = yr — Vr-i, and the Koba-Nielsen variable of string r is Ur- 
For dcfinitcncss wc take = ?ii < ?i2 < • • • < w„^i = 1 and mq = — oo, m„ = oo. The .x'' satisfy Neumann 
conditions dx^ /dy = on the real axis y = (away from the points x = Ur), whereas the y'^ satisfy Dirichlet 
conditions on the real axis: y'^{x,Q) = y^ on the interval Ur < x < Ur+i- In T-dual variables the y^ are 
discontinuous where the string momenta enter the worldsheet. Specializing to n = 4: 

a;^(z) = -iV l^L:i^^log|z-M,|, (19) 
= ^f^-tan-i^^U^ftan-i^+tan-i^ 

TT \2 yJ 1^ \ y y 

+^ tan-i tan-i ]+—{-- tan'^ . (20) 

■K \ y y J TT \2 y J 

Strictly speaking, conformal gauge also requires the constraints (dx^^ /dx){dxi^/dx) = {dx'^ / dy){dx^/ dy) 
and {dx^^ / dx){dx^/ dy) = 0. These would be expected to hold only on-shcll though. For the classical string 
on-shell means (iji+i — yi)"^ = 0. But even then these constraints only hold when the Koba-Nielsen variables 
are at a stationary point of the action, which corresponds to a saddle point of the integration. (For example 
u = uq = t/{s + t) for the four point fimction). Away from the saddle point the u integrand is off-shell in the 
classical sense. Integration over the whole range puts the amplitude on-shell in the quantum sense. Indeed 
we know that the integrated Koba-Nielsen integrands do satisfy the quantum operator Virasoro constraints. 
It is interesting that the classical Virasoro constraints do hold, though, at the saddle points. 

An interesting feature of the T-dual worldsheet is that it is finite in extent. We display this graphically 
in Fig. 1. It is striking that, plotted in y space, the boundary of the worldsheet is a finite polygon of lightlike 
straight line segments. It is important to realize that in the conformally flat coordinates x, y, these segments 
are the images of points on the x axis — the points where the boundary values of y are discontinuous. Since 
in the x, y coordinates the problem is just a Dirichlet problem for the Laplace equation, the solution is 
uniquely determined by the values of y specified on the boundary, even if there are discontinuities in these 
boundary values. In Fig. 1 the Dirichlet data are just the four corners of the polygon. The reason that 
the discontinuities in y'^ are mapped to straight lines in this figure is that, in the upper half plane near a 
discontinuity at say x + iy = Ur, the different components of are related to their boundary values by the 
same Green functions and hence are linearly related to each other. Thus, as Ur is approached from different 
directions in the upper half plane, the solution y^{x,y) approaches different points on a straight line joining 
the two boundary values on either side of Ur- It might seem strange that giving data at 4 points is enough 
to determine the solution, but we must remember that if we parametrize the worldsheet with coordinates in 
y^-spa.ce (e.g. y^,y^), the equations for the worldsheet are nonlinear and quite different from the Laplace 
equation. 
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Figure 1: The worldsheet in dual y space for the scattering sohition of a string in flat space. 
The kinematics is s, t < 0. The case shown is m = 0.5 or s — t. 



5 The string worldsheet on AdSa 

Next we turn to a consideration of the worldsheet solution found by AM which controls gluon scattering at 
strong coupling in A/" = 4 super Yang-Mills theory. We will look in more detail at their method and find 
additional solutions whose interpretation is quite different. 

Starting from the Nambu-Goto action (13) in terms of T-dual variables which we call y'^, r',^ we restrict 
ourselves to AdSs and make the Anzatz, closely related to one proposed earlier by Kruczenski [6], and used 
by AM: 

r'^w{e)e^\ 2/'° = e«"coshf\ y'^ = e«%inhe\ y'^ = y'^ = 0. (21) 
The Lagrangian whose stationary point determines w (^°) is then 



L = -^Op^ (22) 



and the ensuing Euler-Lagrange equation is 



d w + w _ w + w {w + wY 



w^^X - (w + wf -ufl^X - (w + wf 

where the dot indicates derivative with respect to ^ . 

Note that for a static solution, lii = 0, we immediately find w — ±\/2- For positive r' one would take 
w — \/2 which is the starting point of AM. To find nonstatic solutions we can use the conservation law that 
follows from L to find 

^-4^^T^' (24) 

\j\ — (w + wy 



^In this section the prime no longer indicates a derivative. 
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w 



(25) 



1 — 



1± 



Vw^ + (w2-i)/i;2 



(26) 



The condition that [dy' /d£}) ■ (dy'/dS,^) = at r' = requires that the region — > — oo be part of the 
solution. For generic E"^ the singularities arising from the zeros of the square root are integrable, thereby 
leaving only \w\ 1 and \w\ ^ oo as possibilities. At large \w\ the integrand behaves as — dlwl/jwl implying 
^0 ^ _ |y,| Qj. ^ g-£ then r' 0(1). This is not acceptable since, for the application to gluon 

scattering, we need the corner to be at r' = 0. 

We next examine the behavior near liwl = 1 which is singular only for the upper sign in (26): 

=-dlog||«;|-l||. (27) 



\w\ 



1 



This singularity corresponds to +oo. We conclude, therefore, that the solution for generic E^ does not 
include the light-like corner at r' = 0. 

For the special case E"^ = —1/4, however, the zeros of the square root in (26) coalesce and the singularity 
becomes a pole at |w| = \/2. This corresponds to the desired behavior — > — oo. Then (26) becomes 

\w\{2-\w\) 



d\w\ 



{2 - w^){\w\ - 1) 



which integrates to 



'72- 



1/72 



W 



V2 + 



(28) 



(29) 



where C is an integration constant. Note that as C ^ we obtain the static solution \w\ = \f2. We get a 
completely different solution by choosing C = 1 and taking w > in order that r' > 0. Both solutions have 
E"^ = —1/4. A plot of w(^°) for the nonstatic solution is given in Fig. 2. Note that w(^°) approaches the 



w 



1.4 



.3- 



1.1- 



-4-2 2 4 

Figure 2: w plotted against 



static solution \/2 as ^" — oo. 

It will prove convenient in what follows to replace as one of the worldsheet parameters by w. Then 
we can write both the static and nonstatic solutions using a common notation. We have 

y'° = f{w)coshe, y'^=fiw)smhe, r' = g{w)f{w) (30) 

where g{w) = V2 for the static solution and g{w) = w for the nonstatic solution. 
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6 The four corner solution on AdSs 



In the previous section we described a worldsheet solution for the dual variables that lies in an AdSa subspace 
of AdSs by assuming (30) along with y'^ = y'^ = 0. Any such solution can be extended into AdSs by means 
of SO(4,2) rotations and boosts of the embedding coordinates 

Y'^ = ^y'^, Y'-' = ^,{R' + T"+y'%), Y'' = ^iR'-r"-y'%) (31) 
which are such that 

{Y'-^f - - Y't'Yl^ = (32) 

Notice that Y'^ and Y'~^ enter the left side just as space-like and time-like coordinates respectively. Thus we 
are free to reinterpret the AdSs with the relabeling 4^1^2— >4so that Y'^ = in the new interpretation. 
Then if wc make rotations given by the angle Q in the (0,-1) plane and in the new (1,2) plane as well as a 
boost through hyperbolic angle a in the (0,4) plane, we obtain a new dual AdSs solution: 

, = R '^J^ (33) 

(E^ + r'2 )(cos6' + sin6'sinha) + 2j/'°i?(sin6' - cos6'sinha) ^ ' 



„ cosha[(2y'Oi?cos6l - {R^ + r'^ + y't'y') sin 6'] 

y — R — 

{R^ + r'^ + y'^y'fj}{cos9 -\- sin^sinha) + 2y^^R{sm9 — cos^sinha) 



(34) 



(i?2 - r'2 - ?/'^ y' )cos(f> + 2y'^ R sin 6 
= ji !^ 1^' L ('35) 

(ii2 + r-'2-|-y'''yp(cos6'-hsin6'sinha)-t-22/'Oi?(sin6'-cos6'sinha) ^ ' 

2 ^ ^ 2y'^Rcos4>- {R^ - r'^ - y"^y'^) sin0 

^ {R^ + r'2 -I- y'i^y'^){cos d + sine sinh a) + 2y"^R{sm d - cosO sinh a) ^ ' 

y^ = 0. (37) 

More precisely, what we are doing here is viewing the original solution from the point of view of different 
frames as well as different Poincarc patches. 

Ryang [14] has conducted an investigation of the behavior of the solution employed by AM under more 
general SO(4,2) transformations. AM take 6 = (j) = it /A and sinh a = v. In the following, we restrict 
attention to = a = 0. Using the AdSs Ansatz (30) 

r' = g{w)f{w), y"' = f{w)coshe, y'^ = f{w) sinh e, y'^ = y'^ = (38) 

we find 

^ = /'I. m 



c{w) cos + cosh sin 6 

, cosh cos 6 — c{w) sin 9 
c{w) cos 9 + cosh ^1 sin 

, -s{w) 

c(w) cos 6 + cosh^i sin 9 



n ^coshf-'^ cos6' — c(ii;) sin0 , ^ 



y'-R .,...-:'^...,.:.. (41) 



8 



y2 = ^ (42) 

c{w) COS 6 + cosh ^1 sin 9 

y^ = o (43) 

where 

cM = \ [f{w)[{g{w)Y - 1] + , s{w) = \ [f{w)[{g{w)Y - 1] - , (44) 

We assume that < ^ < 7r/2 so as to avoid r < and find, for g{w) = \/2, 

r = R — (45) 

cosh cos 6 + cosh sin 

^ cosh cos — cosh ^" sin 
^ cosh ^0 cos 9 + cosh sin 

2/1 = i? (47) 

cosh cos 9 + cosh sin 

2 ^ sinh^^ g 

^ cosh ^0 cos ^ + cosh sin 

= 0. (49) 

We ilhistratc this sohition in Figs. 3-5 for several angles 9. Note that in this case c{u!) = cosh^° and 
s{w) = sinh^''. For 7r/4 < 9 < Tr/2 we can make use of the symmetry under 9 ^ n — 9, ^'^ ^ , ^ — 
and y° <-> — Notice that when ^ > these solutions show four corners, but when 9 = a. pair of these 
corners is sent to infinity, leaving only two corners. 

The physical meaning of a solution is found by looking in the Minkowski target space of y'^ at points 
where r = (or almost 0). Using (45) we find that r = when |^°| or |^^| or possibly both are infinite. 
There are four cases, where one or the other of |^°| and |^^| are infinite, with the other finite: 

^°^oo: = i?(-tan6l,-sec(9,0,0) (50) 
$1 ^ 00 : y^ = i?(cot 9, 0, esc 9, 0) (51) 
f^-oo: y^ = J?(-tan^,sec6i,0,0) (52) 

^^^-oo: =i?(cot 61,0, -esc 61,0). (53) 

In the interpretation of these solutions as describing scattering of glue by glue, the differences of these 
quantities are proportional to the (incoming) momenta of the massless gluons. We should then have 

iVa -ybf = iVb -ycf = iVc -Vdf = {yd-yaf = R"" [sec^ 9 + esc" 9 - (tan ^ + cot ^)2] = (54) 

which is indeed the case. Furthermore, we can identify the Mandelstam variables for the gluon scattering 

process as 

s = -{ya- ycf = -4i?2 sec^ 9 (55) 
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y 

Figure 3: r and y° plotted against and for 6 = 0. 



t = -{yb - yciY = -'iR' esc' e (56) 

so that t/s = cot^ 9. 

Using the duality transformation (10) we can translate this solution to the original coordinate space, 
with z = R^/r in place of r: 

R 

z = —j=^ (cosh ^ cos 9 + cosh sin B) (57) 
a;*' = i^sinh^°sinh^i (58) 
= i-(^icos6l + cosh,^°sinh^isin6') (59) 

x^ = z:^(^°sine' + sinh^''cosh,^icos6') (60) 

x^ = 0. (61) 

Note the world sheet invariance under 9 — > 71/2 — 9, <-> ^} , y^ <-> — 2/^, x^ ^ x^ . The fact that the 
coordinates are all imaginary shows that the physical scattering process described is classically inaccessible, 
analogous to reflection above a barrier in one-dimensional quantum mechanics. 

7 The one-corner solution for AdSs 

We next examine the properties that follow from using the nonstatic solution in the embedding into AdSs. 
This is accomplished by choosing g{w) = w. This new solution is given by Eqs. (39)-(43) 

f ^ Jl — (62) 

c{w) cos 9 + cosh ^1 sin 9 
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Figure 4: r and plotted against and for 6 = 7r/12. 
_Q ^ cosh ^-^ cos — c(w) sin 

^ ~ c(u;) cos 6* + cosh ^1 sin 6* ^ ^ 

yi^i? (64) 

c{w) cos 6* + cosh sin 

o „ sinh£^ 

y = R^-^ 71 \ ■ (65 

c{w) COS y + cosh sm w' 

= 0. (66) 

We illustrate the result in Fig. 6 for 9 = n/A. What we see are two light-like lines in the r = hyperplane 
joined at one corner. They are connected at their other ends by a curve for which r ^ 0. However, having 
made the SO(4,2) transformation it is now meaningful to extend the domain of w to the region w < 1 where 
r remains positive.^ If we do this Fig. 6 now is transformed to Fig. 7. 

We are once again interested in what happens when f = 0. This occurs when w — > (assuming 9 > 0), 
when w —> \/2 and when — > ±cxi. We now have 

w^O: = i?(cot6',-csc6'sech^\csc6'tanh^\0) (67) 

^^^oo: = i?(cot6l,0,csc6',0) (68) 

w-^V2: ^ R{-tan9,sec9,0,0) (69) 

^i^-oo: = i?(-tan6l,0,-csc6',0). (70) 



'^We thank Martin Kruczenski for stressing this possibiUty to us. 
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Figure 5: r and j/° plotted against and for 9 = 7r/4. 



The curve described by (67) is a semi-circle of radius esc 9 lying in the plane given by f = and constant 
y° = cot 9 that runs between the points y^ and y^. The two lines that run from y^' to y^ and from to 
are lightlikc and lie in the plane given by f = and y° sin6' + — cos 9. The two light-like line segments 
can be identified with the incoming momenta of two gluons involved in a scattering process off an external 
source. The process is described in terms of the dual coordinates y'^ of a string, one end of which stays 
fixed at j/c (corresponding to a free end in x space) and the other end of which follows the semi-circle. The 
fact that this semi-circular part of the boundary is at constant y*^ means that the source conserves energy 
throughout the scattering process, in other words the source is static. 

To find the coordinate-space representation of this solution we calculate 



which yields 



w — 1 

^ = 0, K^-2i— -. (72) 



w(2 — w) 



Then the duality conditions (10) read 



95^ _ dyf _ . 2 - dyt" 

dx^' _ R^Kdyf'd^^ _ .R^ 2 dyf" 
dw f2 dS} dw 2 — d£} 

which leads to 

a;0 = ii?^ ^c'{w) sinhfi (75) 

2w^ 

2 _ lip' / 7y2 \ 

= iR s'(w) sinh^i sin 6* - cos 6*- (76) 

x^ = iR- — ^c'(w) cosh^^ cos 9 — iRsm9 ( — H \= log — — ] , (77) 

2w^ ^ ' ^ \w 2V2 V2 + W ^ 
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Figure 6: r and plotted against and y^ for 6 ~ 7r/4, as w runs from 1 to a/2- 

to which we can add real parts that are independent of and w. These coordinates are concentrated at a real 
spacetime point. As chosen the worldsheet in coordinate space is entirely imaginary and therefore classically 
inaccessible as in reflection above a barrier. As a consequence the scattering amplitude corresponding to this 
solution is exponentially suppressed. We also give the w ^ boundary curve in coordinate space: 

'4sinhe (78) 



2 

iR 



x' 



singsinhe^ =- (79) 
w w 

f (cos^cosh^i - ^) ^ f [coseVl-^xOyR^- ^) (80) 

(81) 

and we see that xi,X2 go to ioo for w — s- 0. The fact that xi,X2 follow a time dependent (imaginary) 
trajectory shows that the source is not simply a D-brane. 

8 Worldsheets for AdS and flat space on the lightcone. 

Working in lightcone gauge enables an interesting comparison of the four-corner scattering solution for 4 
strings in AdSs to that for 4 strings in flat Minkowski space. Actually, for the solutions we are considering 
^3 _ y3 _ gQ f^QYa lightcone time is ordinary time and is ordinary energy. 

At flrst glance the worldsheets in y-space describing string-string scattering in AdS and flat space (com- 
pare for example the flgure on the right of Fig. 5 to Fig. 1), show little qualitative difference: they are both 
similar surfaces spanning a polygon of light-like line segments. To gain more insight into the very different 
physics in the two cases it is helpful to express them in light-cone parameters. 

t(0 = ii = ^(^" + x^) = ^ sinhe' sinh^". (82) 

R V2R 2V2 
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(83) 



Figure 7: r and plotted against and y^ for 6 — n/A, as w runs from to a/2- 
Because r satisfies the equation of motion 

we can consistently define cr(^) by 

da__li^dT_ da___I^dT_ 

from which we find, after a little manipulation and a particular choice of integration constant 

1 /cos^cosh^^ ~ sin^cosh^^X 1 y° j/+ 
" Uin^'cosh^i +cos6'coshC° j " "R ' ^ ^ 

This choice for a is the one that makes the density of p+, dy^ /da uniform along the string. Thus r and a 
are the usual parameters of GGRT [7]. 

One can invert the relation between and r, a by solving quadratic equations: 



tanh^e" = sinh^+V^^2 ^3^^ 
cosh /3 + V sinh^ /3 + 

tanh^e^ = -^inh^+Vsinh-/? + ^ ^^^^ 



where 




(5 = -2V2t. 



The square roots must be taken so that (sgn f°)(sgn f^) = — sgn r. Plugging these expressions into (33) or 
(35) then gives the solution in lightcone gauge. 

This physical parametrization combines information from the worldsheet in x variables and the T-dual 
y variables. For example, we can follow the temporal evolution of the string described by the worldsheet 
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solution from very early times r ^ — oo to very late times t ^ oa. For simplicity we take the symmetric 
case ^ = 7r/4, corresponding to s = t. Then the T-dual coordinates are particularly simple 



y 



RV2 



■ sinh ^' 







cosh ^0 + cosh ^1 



y 



RV2 



sinh 



(89) 



We first examine the initial state by taking r 
mapping to lightcone parameters we find, as 5 



— oo at fixed a, or S 
+oo: 



cosh^o + cosh^i 

00 at fixed (3. From the explicit 



tanh^ f 
tanh^ ^1 



1 



1 - -e^^ + 0{6-') 



RV2- 



-tanhg" 



1 + V2a 



O(T-i) 



y 



tanhC; ^ ^ ±i?l^ + 0(r-^), 



72 



(90) 
(91) 
(92) 

(93) 



where we have taken the signs in the numerator according to sgn ^°sgn = + since t < 0. The range of a 
is — 1 < < 1. Then the initial state is two strings which form parallel straight lines in the y^, plane. 
For the limit r ^ oo the forms are the same except that the relative signs of y^,y^ are reversed. For r = 
either j/^ = or = 0. The evolution of the strings with r is indicated in Fig. 8. We see that asymptopia 



y 



y 




(a) (b) 

Figure 8: Lightcone evolution of two string scattering at 90°. At r = — oo the two strings 

are parallel straight lines in j/-space (a). As t evolves the two strings curve with their ends 
fixed as their centers approach the origin. At r = the two strings are stretched along the 
coordinate axes with their centers touching at the origin. At this point they exchange ends 
and then the centers of the newly formed strings recede until the strings are again parallel 
straight lines at r = +oo (b). 



is reached by a power law in r. As we shall soon discover, this is in contrast to the exponential approach in 
flat space. The power law approach is the signature that the single string in AdSs , representing a collection 
of unbound gluons, has a continuous mass spectrum. 

Now turning to flat space, we recall that, for the kinematic regime s,t < considered here, the lightcone- 
gauge flat-space imaginary a;+ = —it solution is easily obtained by the conformal mapping of the lightcone 
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string diagram to the upper half plane [15]: 



X = 



-i— log \z 

TT 

-^tan-1- 



i— log |z - 

TT 

P2 . -1 

tan 



u 



. i-log\z\ 

TT 

— X Do , X 

+ ^ tan"^ - 

y TT y 



— {\og{z - 1) - log(z -u) + log z) . 

TT 



Pt 



-Pi 



p+ > 0. Calhng C 



(94) 
(95) 
(96) 

g7r(r+ia)/p+ gj^^j ^j^^^^ 
(97) 



Here we work in the frame where 
the inverse mapping is 

^ = ^ (l + C ± V'(C + 1 - 2u)2 + 4u(l - u)) . 

The lightcone worldsheet for this kinematic regime is a two-sheeted strip — oo < t < +oo, < cr < joined 
along a cut from the branch-point C. = 2u — 1 + 2i\/u(l — m). Since |C| = 1 at this point the branch-point is 
on the r = axis. The cut may be chosen at fixed a and with r > 0. In flat space u is a modular parameter 
which is integrated over the range < u < 1. However to compare with the classical AdS solution this last 
integral should also be approximated by its saddle-point, the value of u which extremizes the action. 

For purposes of a simple comparison, we might as well consider the symmetric case s = t where the 
saddle point must be u = 1/2, and for which the branch-point is at t + icr = (For the AdS solutions 

s = t corresponds to the choice 6 = 7r/4.) In this special case, the Minkowski string solution is 



X, = 



■ Pi 1 
z— log 

TT 



■ Pi , 
t— log 

TT 



c-i + x/r+c^ 



c-i-x/r+c^ 



-1- I — log 


c + 






, -Ps , 
-1- 1— log 


TT 




2 




TT 


, ■P2 1 

-1- I — log 


c- 






+ i— log 


TT 




2 




TT 



c+i-yr+c^ 



(98) 
(99) 



Here x^. are the solutions on the two sheets, joined on a cut running from t + ia = ip'^ /2 to r = +oo. The 
asymptotic scattering region is at r = =Foo, which corresponds to C = 0,00 and z = 0,u = 1/2, l,oo. For 
example, the behavior as r ^ — oo (C ^ 0) is 



i^+z^i±^logi+0(e-/^^ 

P+ TT 2 

i^logi+z^+0(eW.- 

TT 2 p+ 



(100) 
(101) 



In contrast to the power behaved approach in AdS, in flat space the approach to the asymptotic solution 
is exponential in r because the normal mode frequencies are discrete. This simply reflects the fact that the 
string confines in flat space but not in AdS. 



9 String Scattering from external sources in flat target space 

We have interpreted the one-corner solution for a worldsheet in AdS as describing a gluon scattering off a 
time-independent external source. The closest flat-space analogue of such a solution is the scattering of an 
open string off a p-brane. In this section we study two such possibilities p = 0, 1 and compare them to the 
AdS case. 

We first consider a fixed 0-brane source in flat Minkowski space. Thus one end of an open string satisfles 
Dirichlet conditions on its spatial coordinates x{0,t) = 0, but Neumann conditions on its time component 
x^'{0,t) = 0. The other end is fully Neumann: x'^'{-k,t) = 0. To construct Green functions with mixed 



16 




Figure 9: The worldsheet in dual y space for the scattering solution of a string in flat space 
ending on a 0-brane. The kinematics is in the unphysical region where cos 9 = (1 + u^)/2u > 
1. The case shown is u = 0.2 or cos 6' = 1.04/. 4 = 2.6. The 0-brane sits on the boundary 
curve in the y'^ = surface. The normal derivatives of y^, y'^ to this boundary curve in this 
plane vanish. The spatial coordinates are complex with y'^ — y^* . 



boundary conditions it is convenient to map the worldsheet to the upper right quadrant of the complex 
plane. Then for Neumann (Dirichlet) on the a;-axis and Dirichlet (Neumann) on the y-axis we get 



Gnn{z,z') 
Gnd{z,z') 
Gdn{z,z') 
Gdd{z,z') 



\og\z 
log 1 2 
log|z 
log 1 2 



z'l+log \z - 
2;'|+log \z - 
z'\-\og\z- 
z'\-\og\z- 



-log |z + 2:'*|+log |z + z'l =log \z^ ■ 
-log|z + z'*|-log|z + z'| 
-log|z + z'*|-log|z + z'| 
-log |z + z'*|+log |z + z'l =log \z^ 



~'2| 



~'2| 



-log|z2-z'*2| (102) 
(103) 
(104) 

-Iog|z2-z'*2|.(i05) 



The 0-brane solution, y^{z) (a;'^(z)), can be constructed using Gdn {Gnd) respectively and y'''(z) (a;°(z)) 
using Gdd {Gnn) respectively. In the first case we impose for the spatial components, Dirichlet conditions 
on the positive real axis and Neumann on the imaginary axis: dy^/dx = 0. ?/'^(a;, 0) = y\, < a; < u; 
y^{x,0) — y2, u < X < 1; j/'°(a;,0) = y^, 1 < x < oo; and for the time components Dirichlet conditions 
on both axes. This gives y''\x,0) = yi, < x < u; y^{x,0) = y2, u < x < 1; y^{x,0) ~ y^, 1 < x < oo; 
y°{0,y)=y^,0<y <oo. 



V^{x,y) 

y°{x,y) 



tan 



-^tan-i 



2/? 



tan 



y'2 



tan 



tan 



tan 



1 - X 



tan 



tan 



tan 



(106) 



(107) 
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Figure 10: The worldsheet in dual y space for the scattering solution of a string in flat space 
ending on a 0-brane for u — 0.5. 



We next display the derivatives of the y's: 

—Auxy 



dx 
dy^ 
dy 



Vi - y2 



[y^ + {u — x)^] [y^ + (u + x)^] 



[y^ + (u — x)^] [y^ + {u + xY 



y^-yt 



-Axy 



[y^ + {I - xY][y^ + [l + xf] 
-2(1 + y"^ -x^) 



for the spatial components and 



dx 



dy 



yi~yl y 



y\-yl 



_[y2 + (l-x)2][y2 + (i + a;)2] 
-2y(j/2 + x^ + u^) 



+ 



yl-yl 



-My^ 



[y2 -I- _ x)^] [y2 _|_ xy 
+ x^ + 1) 



[y2 + (l-x)2][y2 + (1 + ^)2] 

— 2x(u2 — ?/2 _ 2;2) 



TT 2/2 _|_ 



[j/2 + (u - .x)2] [y2 + (u + a;)2] 



+ 



-2a;(l-2/2 



[2/2 + (l-a;)2][y2 + (i + a;)2 



(108) 
(109) 



(110) 



(111) 



for the time components. 

We next impose the conformal constraints. They should only hold on shell which for the classical case 
we take to mean y° - y° = y° - y° = and (2/1 - 2/2)^ - (2/1 - ^2)^ im ~ mf - (2/2 - ytf = 0. That is the 
initial and final 0-brane have zero energy and the initial and final open string momenta are light-like. Then 



dy dy dy° dy"" _ 4 xy{l + + 2y^ - 2x^) [(yi - y2f{l + u^) + 2u{y, - y^) ■ (m - ys)] 



(112) 



9a; dy dx dy tt^ [2/2 + (u — a;)2][2/2 + (y + x)2][i/2 + (l — a;)2][2/2 + (1 + a;)2] 
Setting this to zero requires the modulus u to satisfy 

im - m)^! + u^) + 2u{yi - y2) ■ [m - m) = O. (113) 
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Defining the scattering angle by (^i — ^2) • (^2 — ys) = — cos9{yi — ^2)^ we see that the roots are 



u± =cose± Vcos2 61-1 = e^'^ 



(114) 



and are real only for cos^ 9 > 1. If cos 9 > 1, it follows that < w_ < 1 < u+, so w_ is the root in the 
assumed range*. 

To recap, the solution with the on-shell condition imposed is 



y''{x,y) = y3 + 



tan 



U- — X 



+ tan 



+ 



2/2-^3 



1 — X 

tan~^ h tan" 



y'o 



y'i-y°2 



tan 



tan" 



y 

_i l + x 

y . 

_l U- + X 

y 



tan" 



t 1 — X T 1 + X 
+ tan"^ — I— 



(115) 

(116) 



Finally wc evaluate the action on these solutions, but with u not yet fixed. The integrals converge only if 
the on-shell conditions (j/i — 2/2)^ = (2/2 — 2/3)^ = and 2/3=2/1= 2/0 imposed^. In that case 



2io 



dxdy 



dx 



dy 



dy° 
dx 



dy 



2,^ ^, ,^ l + u 2 ^ 2i 

-(yi - y2) ■ {y2 - ys) log [yi- 2/2) log — — 



(118) 



One can easily check that the condition that S is stationary under variation in u is the same as that obtained 
by imposing the conformal constraints. 

To study the 0-brane solutions with cos 9 > 1, we have to allow complex solutions. Let us define initial and 
final momenta k = yi — y2, k' = y2 — ys, and assume scattering is in the 12 plane. Then consider k = {a, a*), 
k' = {a*, a). Then k-k' = 2\a\'^ and P = fc'^ = a'^ + a*'^, andcos6' = 2|a|V(a^ + a*2) > 1- Writing a = a + ip, 
with < /3 < a we have u_ = (a — /3)/(a + /3), which we can solve for (3/a = (1 — u_)/(l + u_). Finally we 
can set ^3 = and y^ =0. Then 



Re y^{x,y) 
Im y^{x,y) 

y°{x,y) 



Re y {x, y) = - 

TT 

-Im y'^{x,y) 
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.1 1 + a; 



X _-, 1 — X 
tan h tan 



y 

.il + x 



y 



(119) 

(120) 
(121) 



We see that a simply sets the overall scale, and u_ determines the scattering angle according to cos^ = 
(1 + (;"i)/2(/_. To visualize tlu- surface we can plot y^ versus say Re 2/^,Im y^. as we do in Figs. 9 and 10. 



*If wc want to stay in the physical region, with cos'^ 9 < 1, u lies on the unit circle and we have to reexamine the boundary 
conditions. In this case tan^^(u ± x)/y will have discontinuous y — > behavior at a; = ±Reu. 

''For completeness we give the action off-shell, where we introduce two cutoffs: + < and a symmetric e cutoff 
surrounding the singular points x = 0,u, 1: 



-{yi-m) ■ (y2 - m) log ^— 

TT 1 — n TT 



■0\ 



4m 



[(2/1 - 2/2)2 _ 2(2^0 _ yO^^yO ^yO_ ^yO^^ ^^^^ ^ i ^^^^ _ y ^ ^y ^ _ ^^^2 ^ ^ ^y^^ _ y0^2^ ^^^^ 

- [2{J/? - y^f - (j/l - y2? - (2/2 - 2/3)2] ,„g^ _ 2 _ y0^2 i^g^ (117) 
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These figures should be compared to the one corner AdS worldsheet on the right of Fig. 7. They share a 
single corner between light-like segments the other ends of which are connected by a curve at fixed y'^ . Note 
however that in this 0-brane case the end of the string following this curve is at a fixed position in transverse 
coordinate space. 

It would be desirable to find an AdS worldsheet describing the scattering of a gluon off a heavy quark at 
a fixed location on the AdS boundary, z = 0. The fixed static quark would be described by a string running 
from the quark location at 2: = on a line at a fixed point in space to 2; = cx) (r — 0). The gluon scattering 
would take place near r — far from the end tied to the quark. Since the string near that end would possess 
very large tension, most of the total energy of the string would reside near the quark where the string would 
hardly be perturbed by the scattering. We haven't been able to find such a solution but it is interesting to 
study a fiat space analogue which shares this feature; Consider the scattering of an open string off a 1-brane. 
In this process y'^ and a spatial coordinate, say satisfy DD boundary conditions and the remaining spatial 
coordinates satisfy DN boundary conditions. Then y^ has the same form as ?/°: 



yHx,y) = 2/0 + 2 



Vi-Vo 



tan 
TT y 



ix , yl-yl 



vl-vl 



tan 



l-x 



tan 



tan 



_i 1 + a; 



— tan 



u + X 
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(122) 



The conformal constraint now reads: 

(2/1 - - 2{yi - y2) • (yo - yi) + u'^iim - yzf - 2(2/2 - 2/3) • (2/0 - 2/1)] + 2^(2/1 - 2/2) • (2/2 - 2/3) = (123) 

where it is understood that the scalar product of the two- vector y^—yi with a four- vector 2/1 — 2/2 or 2/2—2/3 uses 
only the 3,0 components of the four-vector. Here we take on-shell to mean {yi — j/2)^ = (2/2 — 2/3)^ = (full 
4- vector scalar product) and (yo — ViY = (2/3 ~ VoY = (2-vector scalar product involving 0, 3 components). 




Figure 11: The worldsheet in dual y space for the scattering solution of a string in flat space 
ending on a 1-brane for u = 0.5 and a' = 0. The left figure shows y'^ and the right 



To study the 1-brane solution (see Figs. 11 and 12), let us take a simplified kinematics, with {y\ — j/l) 

y%—y%- Let us also take a frame where y\—y\ = y^—vi - 



{vl-vD = and yl-yl = y^-y^ 



P 



3 3 
2/32/0 
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Figure 12: The worldsheet in dual y space for the scattering solution of a string in flat space 
ending on a 1-brane for u — 0.9 and a' = 0. 



and yi — y2 — 112 ~ y\ — ^' ■ Then the 1-brane solution reads 
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The conformal constraint reads 
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{1 + u^){a^ + a'^) + Auaa' 
2Va2 + a'2(l -u2) 



tan 
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(124) 
(125) 
(126) 
(127) 

(128) 



and the scattering angle is given by cosO = —2aa'/{a'^ + a'^). As a metaphor for the AdS situation, y'^ is 
simulating the AdS radius z and a heavy quark would be simulated by taking P large or u near unity (see 
Fig. 12). 
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A Covariant and lightcone gauges 

In this section we review a variety of possible worldsheet coordinate choices one can make, including conformal 
and lightcone parameters. 



• Conformal gauge for a Minkowski world sheet is goo — 5oi = 

?2 



-'WS 



dfde^ \x^ + P - x'^ - z'^] 
2z^ '■ ■' 



x-x' + z - z' = + .x'^ + + z'^ = 0. 



(129) 
(130) 
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The equations of motion in this gauge are: 
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In preparation for hghtcone gauge [8], we consider another family of covariant gauges: 



r>irp2 
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The equations of motion in this gauge are: 



rp2 p4 

Z^ 



0. 



(131) 
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The motivation for this class of gauges is that the equations of motion are consistent with identifying 
with a linear combination of the a;'"s 

Lightcone time is x+ = (a;° + x^)/^/2. This leaves x = {x^jx"^) and x~ = (.x" — .t'')/\/2 as spatial 
coordinates. Lightcone parametrization of the string means ^° = x+ and = 1, where is the 
momentum conjugate to x~. Then in this parametrization 



/dx'^ f da- 
Jo 2 



T>4rp2 

^2^ .2_:K J0,„/2 



{x" + z") 



For a closed string one must also impose the constraint da{x' ■ x + z'z) = 0. The equation of 
motion for x following from this action is 



X = 



R^T^x' 



To put the AdS string action in a form similar to the lightcone worldsheet action read off from planar graph 
summation [5], we do the T-dual transformation 



X, 



The integrability condition for these equations for q implies the equation of motion for x, and the integrability 
condition for the equations for x imply equations of motion for q, which are implied by the worldsheet 
Lagrangian 



q +z 



i2 



r'^t; 
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Note that the q terms in this Lagrangian have the opposite sign from simply substituting the dual relations 
into the x space Lagrangian. This is necessary to produce the correct equations of motion, and, as explained 
in section 2, the correct action does follow from the proper treatment of duality using the phase space action 
principle. Notice that the q dependence is negligible near the boundary of AdS {z = 0). The intuitive 
origin of such terms is explained in the foundational papers on the lightcone worldsheet [5, 16, 17]. We just 
mention here that a loop is represented on the QFT worldsheet by a line segment at fixed a on which q = 0. 
Thus terms in the action that energetically favor this condition will be gradually brought into the worldsheet 
action as one includes more and more loops. It is very plausible that in the strong 't Hooft coupling limit a 
mean field treatment of the sum over loops can be represented by a bulk term in the action similar to the 
q^ term in the AdS string action. 

We can also introduce the dual description in the lightcone friendly covariant gauge. At the same time 
it is convenient to use r = E? /z instead of z to represent the AdS radial dimension. 

q^'=i^, q^ = ^:,>^'=LJ^:,^'. (138) 

In these variables the action and reparametrization constraints read 

(139) 



T>A p4 



q-=Q-Q' + T^r • r', q-' = U<l" + T^' +r't^+e^]. (141) 



q-q' + TSf.r' = q'^ + T^r'^ + + = 0. (140) 

We can pass directly to lightcone gauge from here by simply choosing q~^ = a, in which case the constraints 
just turn into formulas for q~: 

1 / lO ™o /O . o . o R'^ 

The duality transformation in conformal gauge, for a Euclidean worldsheet is 

y = iR'^, y' = -iR'^, (142) 

Z'' z^ 

where at the same time it is still convenient to use r = R? /z. Then the Euclidean worldsheet action for the 
y's is 

drda^ {f + y'^ + + r'^) . (143) 



/ 



We emphasize that this is not the Euclidean worldsheet action for x, z expressed in terms of y, r, which would 
have the opposite sign in front of the y terms. 

B AdS and Conformal Transformations 

B.l Poinccire Transformations 

Lorentz Transformations y'^ = h.'^^y" , r' = r: 

Y'l" = K^^Y", Y'-^ = y'^ = F^. (144) 

Translations y''^ = yf^ + a^^ , r' = r: 

Y'l^ = Y^ + a^{Y-'^ + Y'^) 

2 2 

F'-i = Y-^ +a''Y^• + '^{Y-^ +Y^), y'* = - - y (F^^ + F''). (145) 

Note that r' = r because {Y~^ + y^) is invariant under this transformation. 
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B.2 Scaling 

Scaling j/''* = sy^^, r' = sr: 

Y'i^ = Yi^, y'-^ = 7(F-^ + uy^), = 7(y* + i;y-i) (i46) 



with 7 = 1/Vl - v^, s = + 

B.3 Special Conformal Transformations 

First consider a 04 boost 

translated to Poincare coordinates: 

— = 'r— — (r +y-y) + 'yv— 



y" = 



llP — 7?;(r^ + y • jy)/2 + 7w/2 
(1 + 7)/2 + (1 - 7)(r2 + y ■ y)/2 + ^vy"^ 



k 

V* = fl48) 

^ (l+^)/2 + (l-7)(r2+y.y)/2 + 7t;y0 ^ ' 

We see that the action on the y's is a mixture of translations scaling and special conformal transformation 
in the dirc'c;tion. Wo can isolate special conformal transformations by preceding this boost by a translation 
and scaling, y^ = ay° + (3, y'' = ay'', r = af. (3 is chosen to remove the constant term in the numerator: 

l + /32 + ^=0, 0=— . 149 

V V 

Choosing the upper sign leads to 

10 (^fP ^ a^^v{f'^ + y ■ y)/2 



2(7 - l)VT^/7v^ + a2(l - 7)(f2 + y ■ y)/2 + 2(7 - l)y7i;7 

= ^= . (150) 

2(7 - l)Vl - wV7f2 + q2(1 - 7)(f2 + y . y)/2 + 2(7 - l)y° / 



Then choosing a = 2(7 — — j^v^ gives 



?y" - (7 - + y • y)/w7 



1 - (7 - 1)2 (f2 + y ■ f^jv^i^ + 2(7 - \)y^lv-i 

k 



y'' = ' 



1 - (7 - l)2(f2 + y ■ y)/v^'y^ + 2(7 - I)y7w7 

f 



1 - (7 - l)2(f2 + y ■ y)/v^j^ + 2(7 - 1)2/0M' 
This is seen to be a special conformal transformation 



(151) 



y„ = y'-^'yy (152) 

1 + a • ay • y — 2a ■ y 

on the i/'s with = ((7 — l)/t^7, 0) when r = (Note that the transformation takes r = to r' = 0.) With 
r > it is seen to be a special conformal transformation in the five dimensional AdS space. 
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